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It has been shown that small-amplitude oscillations can augment the diffusional flux
across a cylindrical tube by several orders of magnitude through Taylor — Aris dispersion
phenomena (Aris, 1960). This enhancement in mass transport is selective for species
with different molecular diffusion coefficients. This article shows that by coupling fluid
oscillations with a reversible absorption in a stationary phase, the transport of species,
which have similar molecular diffusivities but different affinities for the stationary phase,
can be enhanced selectively. We developed analytical and asymptotic solutions to the
enhancement of mass transfer as a result of the interaction between reversible absorp-
tion and fluid oscillations in a cylindrical tube. These results were qualitatively con-
firmed by experiments with a model system. For purely oscillatory flow, the maximum
selectivity (the ratio of the fluxes of the species to be separated) achievable is 4.4 for
solute species with widely different affinities for the stationary phase. The superposition
of a small-amplitude steady backflow, however, can greatly increase the selectivity, but
at the expense of throughput. Analysis shows that this technique may offer improuve-
ments relative to conventional liquid membrane separations, if the solute affinities for
the stationary phase do not greatly differ or if a thick membrane is required for stability.

Introduction

Recently it has been demonstrated (Leighton and Mc-
Cready, 1988; Chandhok et al., 1990) that the rate of mass
transfer across a supported liquid membrane can be greatly
enhanced by inducing membrane fluid oscillations in the
pores of the support. This enhancement mechanism relies on
the coupling between radial diffusion across each pore with
oscillatory axial convection (Aris, 1960). The enhancement in
diffusion across a membrane can be very substantial—a tidal
oscillation of no more than the pore radius doubles the trans-
port rate, and larger oscillations can increase the rate by sev-
eral orders of magnitude. This enhancement in transport has
been experimentally verified in our laboratory (Chandhok et
al., 1990; Chandhok and Leighton, 1991). Over 200-fold in-
creases in mass transfer have been observed, and much
greater enhancements are possible with suitably designed
membrane supports. The transport enhancement is governed
by the dimensionless parameter wa’/D, where o is the oscil-
lation frequency, « is the pore radius, and D is the molecular
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diffusivity. If this parameter is large (such as is typical for
low-diffusivity molecules), the enhancement will occur. If it is
small, then the enhancement in mass transfer will be absent.
Thus, by appropriate choice of the oscillation frequency, it is
possible to enhance the mass transport rate of low-diffusivity
species selectively. Note that enhancement is nonselective for
species with similar diffusivities.

The absorption-induced separation technique we describe
here builds on our previous work in this area. As mentioned,
the interaction between fluid oscillations along the length of
a tube and diffusion across the tube can lead to a substantial
increase in the mass transfer. If the species is capable of be-
ing absorbed into a stationary phase, it is possible to modify
the frequency dependence of this mass-transfer enhancement
significantly. It is possible to regulate the frequency such that,
for species that have different affinities for the stationary
phase, the species that absorbs more strongly experiences a
greater rate of enhancement. The oscillation frequency is
chosen so that the enhancement due to absorption is large,
but the enhancement in the mobile phase (which, in this case,
is not selective) is minimized. If diffusion into the stationary

AIChE Journal



phase is much slower than diffusion in the mobile phase, this
condition is easily achieved.

In the next section, we develop a model for the selective
enhancement in transport by coupling a reversible absorption
in a stationary phase to fluid oscillations. This mass transport
enhancement is closely related to the dispersion or peak
spreading encountered in conventional liquid chromatogra-
phy. In fact, the technique described here may be best under-
stood as an oscillatory liquid chromatography system in which
the dispersion for one species has been enhanced so much
that it leads to a steady mass flux between reservoirs at the
ends of the chromatographic column. The column itself, when
operated in this manner, can thus be regarded as a perm-
selective membrane.

In the third section, we describe the experiments that ver-
ify the separation approach. As a model system, we separate
1-butanol and ¢-butanol from an aqueous solution with r-oc-
tanol incorporated in the stationary phase. 1-Butanol and -
butanol were chosen since they have the same diffusivity but
different partition coefficients for n-octanol. In the fourth
section, we give the results of the analysis of the experimen-
tal data. We discuss the scaling laws that govern the separa-
tion technique and that allow for a comparison of this tech-
nique to separations with an ordinary membrane in the fifth
section. The final section provides a summary of our results
and conclusions.

Theory

The interaction of the fluid oscillations and the reversible
absorption in the stationary phase giving rise to a selective
increase of mass transfer is depicted in Figure 1. A solution
for the analogous problem, the enhancement of thermal dif-
fusivity due to the interaction of wall conduction and fluid
oscillation, was obtained by Kurzweg (1985). He developed a
formal solution for the enhanced axial thermal diffusivity «,
as a function of the Womersley number «, the fluid Prandtl
number Pr, and the ratio of the fluid and wall thermal con-
ductivities « for the case of viscous fluid oscillations within
parallel-plate channels. Here the Womersley number a =
(wa®/w)Y?, where o is the angular frequency of oscillation,
2a is the gap width, and » is the kinematic viscosity, is a
measure of the effect of fluid inertia on the velocity profile.
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Figure 1. Transport enhancement in a hollow fiber due
to coupling fluid oscillations and reversible
selective absorption in the stationary phase.

The driving force for the radial diffusion is the radial con-
centration gradient across the two phases that changes di-
rection as the fluid oscillates.
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Kurzweg also presented the asymptotic expressions for «, at
very high frequency where « and «’Pr are large, and at low
frequency where «, a’Pr and layxPr are small ({ is the
ratio of the channel wall thickness to the channel half-width).
These asymptotic solutions, however, are not applicable to
mass-transfer enhancement in a liquid membrane. In the case
of a liquid membrane the Schmidt number o (which plays
the same role as does the Prandtl number in the correspond-
ing energy transfer problem) is very large and it is more ap-
propriate to examine the mass transport as a function of g =
aad¥? (Leighton and McCready, 1988). In this case « is small
even for large values of 8, and fluid inertia is unimportant.

In our work we solve the analogous problem, the selective
enhancement of transport due to the interaction of reversible
absorption in the stationary phase and fluid oscillations, for
cylindrical tubes, and develop a formal solution for the en-
hanced axial molecular diffusivity as well as the asymptotic
expressions for large and small B. The stationary phase is
modeled as a bundle of hollow fibers of length L, inner ra-
dius 4, and outer radius R (Figure 1). Such hollow-fiber sys-
tems (in which the volume outside the fibers plays no role)
have been proposed for conventional liquid chromatography
(Ding et al., 1989). Here we are using the hollow fibers with
oscillatory rather than steady flow. The porous fiber walls can
be impregnated with a membrane fluid that selectively ab-
sorbs a solute species. In the experiments described in the
next section, for example, the porous walls are impregnated
with n-octanol, and preferentially absorb 1-butanol relative
to t-butanol, providing the basis for their separation.

To solve the problem analytically, we make several simpli-
fying assumptions. We assume the solution is dilute such that
the diffusivity and the density are constant. The transport
equation for the solute in the mobile phase, neglecting the
small contribution due to axial molecular diffusion, is

aC oC 19 oC
—-—+Ucos(wt)—=D——(r—-—), 6]
at ox r ar\ dr

where D is the molecular diffusivity and w is the angular
frequency of the fluid oscillations. The contribution due to
axial molecular diffusion can be easily included in the analy-
sis. For large-amplitude oscillations, however, axial diffusion
is negligible compared to the dispersion arising from the fluid
motion. The velocity profile for laminar flow and small Wom-
ersley number, neglecting end effects present at points where
the fibers enter the source and receiving reservoirs, is given

as
U=25[1—(£)2], @)

where U is the spatially averaged magnitude of the oscillatory
velocity. The transport equation for the stationary phase,
again neglecting axial diffusion, is given as

1 C
&CS_D (9( 17 S)’ 3)

3 s—— r
ot r or ar

where here C, is the superficial concentration of the solute
in the stationary phase and D, is some effective molecular
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diffusivity in the radial direction. The effective molecular dif-
fusivity can be obtained from conventional membrane trans-
port resistance measurements at steady state in which the
membrane is made up of the same materials as the stationary
phase in an oscillatory system.

The interface between the stationary and mobile phases is
assumed to be locally at equilibrium; thus, we have

¢Cs|r=a+=clr=a_’ 4)

where ¢ is the partition coefficient. The partition coefficient
is defined as the ratio of the concentration of the solute in

Ax%o [11(1 — €2+ 24pre2(1+ €2 In )+ b7 66 (1+ A) +6de3(1 —3)\62)]
K=

where € is the ratio of the outer radius to the inner radius
(e = R/a), A is the ratio of the mobile phase-to-stationary
phase molecular diffusivities (A = D/D;), and Ax =U /w is the
tidal displacement of the fluid oscillation. The functions
J(i¥*y) and K, (i¥*y) are Bessel functions related to the
Kelvin functions ber, bei, ker, and kei by J,(i¥?y) = ber,(y)
+ i bei, (y) and K, (i¥?y)=e""" [ker,(y)+ i kei, (y)].

In order to study the enhancement due to the coupling of
absorption in the stationary phase and fluid oscillations, we
have obtained analytical expressions for the asymptotic solu-
tions of the enhanced axial diffusion coefficient. The expres-
sion for small B is

96

the mobile phase to the superficial concentration of the
solute in the stationary phase. Mass flux balances at the cen-
terline, interface, and outer fiber wall lead to the final
boundary conditions

aC
D_
ar

JC,

aC
r=a- 5 ar

k4
r=at ar

aC,

r=0 dar

r=R

)

In the past, two methods have been used to obtain an ana-
lytical expression for the effective diffusivity. Kurzweg (1985)
and Watson (1983) developed a solution by imposing a time-
averaged constant axial gradient with a time-dependent
cross-stream variation and solving for the time-averaged con-
vective flux. In contrast, Aris (1960) studied the time-de-
pendent dispersion of solute, initially confined to a cross-
stream plane of uniform concentration, via the method of
moments. For the case of purely oscillatory flow, the effective
diffusivity calculated by these two methods is identical. In
our work, we have chosen to use the methods of moments.
We refer the reader to the Appendix for details of the
derivation. We define an enhanced axial diffusivity K by the
throughput relationship Q = 7wa*KAC/L, where Q is the
time-averaged throughput of a solute species between two
reservoirs at concentrations differing by AC, connected by a
fiber of length L and radius «. The solution for the en-
hanced axial diffusivity is given by

Ax%w

BZ

K=4

4 2i
X (1 - Re{B[ﬁ—B}]l(i*"ﬂB)(l— i)— E%Jo(imﬁ)l}), 6)

where

_ ¢AB2U+DG+H
 1,GYB)H — iVA 61 (iVB)G
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5 Br+0(pY (1
(p—1+¢€?)

and the asymptotic limit for large B is

Ax%w . 22 /A +0( 1
B? B (1+¢Vdr) Bz)
Ble—DVA>1. (8

K=4

Note that for ¢/A > 1 (no wall absorption) the high-
frequency limit reduces to Watson’s (1983) result in the limit
of small « and large 8. Watson studied the enhancement of
transport due to fluid oscillations—without wall absorption
—for conduits of arbitrary shape. Watson’s result for a cylin-
der, in the limit of small @, as a function of B is given as

follows
Ax%w 1+i J,(i¥8)
K—47(1-2\/ZR€{TW}). (9)

Figure 2 shows the full solution for the enhanced axial dif-
fusivity as well as the asymptotic limits for small and large 8
and Watson’s solution for the enhancement due to
Taylor—Aris dispersion in the mobile phase only, which, as
mentioned before, is nonselective for species with the same
molecular diffusivity. It may be seen that there are two dis-
tinct frequency ranges in which the transport is enhanced due
to different mechanisms. In the low-frequency region [ 8 <
0O(1)] the interaction of the absorption in the stationary phase
and the fluid oscillations clearly dominates the transport en-
hancement, The asymptotic solution for the low-frequency
limit, which contains the parameters €, ¢, and A that govern
the effect of the wall on the enhancement, describes this
regime fairly well. The difference between the full solution
and Watson’s solution is the selective increase in dispersion
due to absorption. The selectivity is a result of the differ-
ences in affinity that species have for the stationary phase. At
very high frequencies [ 8 = O(10)] the stationary phase has
little or no effect, as can be seen from the convergence of the
asymptotic solution at high frequencies with the nonselective
enhancement in the mobile phase studied by Aris (1960) and
Watson (1983). In contrast to the low-frequency limit, at high
frequencies diffusion is slow with respect to the convective
oscillations, and a radial concentration gradient develops in
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Figure 2. Nondimensionalized, enhanced axial diffusiv-
ity K as a function of the nondimensional os-
cillation frequency B for parameter values of
our experimental model system.
A=61, e =125, ¢ =0.54.

the mobile phase. It is the interaction of this radial concen-
tration gradient with convection that gives rise to the nonse-
lective dispersion of the solute.

As mentioned earlier, the parameters €, ¢, and A govern
the enhancement due to absorption in the stationary phase,
and therefore also govern the selectivity of the separation.
The dependence of the enhancement on these parameters is
very complex. At low frequencies (Eq. 7), for given values of
A and e, increasing the absorptivity, 1/¢, can either increase
or decrease the relative enhancement of transport. At these
frequencies, however, the enhancement in mass transport is
rather small and therefore it is of little practical importance.
In general, we desire to operate at sufficiently high oscilla-
tion frequencies that the enhancement due to reversible ab-
sorption is large, but not so high a frequency that the nonse-
lective enhancement due to Taylor—Aris dispersion in the
mobile phase alone is also large. The operating frequency at
which this is achieved is approximately given by 8 =3. In
contrast to the low-frequency region, at these moderately high
frequencies (Eq. 8) the thickness of the stationary phase has
little effect on the enhancement because the penetration
depth [( D/w)¥?] of the solute is usually less than the station-
ary phase thickness. The penetration depth is the distance
that the solute can diffuse into the stationary phase during an
oscillation period. For this condition [ 8(e — 1) VA > 1], the
enhancement does not depend on A and ¢ independently,
but rather only on the combination ¢vA .

Figure 3 shows the behavior of the enhancement for the
parameter values € and A of our experimental system, where
each curve is parameterized by ¢. While the absolute values
of ¢ are different for each curve, the ratio of ¢ for two
neighboring curves is held constant. The two dashed curves
are those corresponding to the partition coefficients of 1-
butanol (0.54) and t-butanol (1.7). Examining the family of
curves, it can be seen that at high frequencies the enhance-
ment increases monotonically as a function of 1/¢ and ex-
hibits both a minimum and a maximum. Hence, in order to
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Figure 3. Nondimensionalized enhanced axial diffusiv-
ity K as a function of the nondimensionat os-
cillation frequency B, where each curve was
parameterized by the partition coefficient ¢
such that the ratio of ¢ of two neighboring
curves is constant.

The partition coefficients of the dashed curves are those of
the two species of our experimental model system.

achieve the optimum enhancement and maximum selectivity,
it is necessary to operate where one species is absorbed
strongly and the other weakly. If both the species absorb ei-
ther very strongly or weakly, no separation can be achieved.
Our experiments were performed near the region giving an
optimum enhancement and selectivity.

The maximum degree of selectivity for species whose parti-
tion coefficients differ by a factor of 3.1 (the values for our
experimental system) is only about 1.6. This is less than the
selectivity that would result from a separation with a conven-
tional liquid membrane for which n-octanol is used as the
membrane fluid; however, because of the enhancement due
to fluid oscillations, the overall transport rate can be much
greater. The maximum possible selectivity at high oscillation
frequencies for large ratios of ¢ is approximately 4.4.

For many applications the maximum selectivity provided by
the oscillatory chromatography technique described here is
not sufficient. This selectivity can be improved dramatically
by employing a small-amplitude back flow. It has been shown
(Hertz, 1923; Jaeger et al., 1992) that a small-amplitude back
flow permits a better separation for diffusion in gases. How-
ever, the increase in selectivity occurs at the expense of the
transport rate across the fiber. Note that it is not possible to
incorporate such a back flow in an ordinary liquid membrane
since it would result in membrane rupture; thus, the selectiv-
ity of such membranes is strictly limited by the relative affin-
ity of the two solute species for the membrane fluid.

The steady time-averaged (over one period of oscillation)
flux between two reservoirs connected by a bundle of hollow
fibers impregnated with a solvent that selectively absorbs a
solute species, as a result of the coupling of fluid oscillations
and a small-amplitude steady back flow, is given as

N=—-UgyC Kac (10)
ooTer ax’
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where Uy, is the spatially averaged velocity of the steady back
flow and K is the enhanced axial diffusivity due to the cou-
pling of the fluid oscillation and reversible absorption. It is
simple to show, using the method of moments (Chandhok,
1992), that the effect of coupling a steady flow and an oscilla-
tory flow on the dispersion of a slug of solute is simply the
sum of the dispersion under steady and oscillatory flow. Un-
fortunately, however, the relationship between dispersion and
enhanced axial diffusivity in the case of steady flow and a
time-averaged (over one oscillation period) steady concentra-
tion gradient is much more complex than the purely oscilla-
tory case. The contribution of the steady back flow to the
dispersion due to fluid oscillations will be a function of the
ratio (Uy,/0)?; therefore, for a sufficiently small steady flow
relative to the oscillatory convection, we can neglect the ef-
fect of the steady flow on the magnitude of the enhanced
diffusion coefficient. In our experiments the magnitude of
(Ugr/T)? was on the order of 0.005 or smaller, and no de-
pendence of the enhancement on the magnitude of the back
flow was observed.

Diffusion against a low-amplitude back flow gives rise to
an exponentially decreasing concentration profile rather than
the linear profile that exists in the absence of flow. The con-
centration gradient can be found by taking the derivative with
respect to x (the axial coordinate) and solving the resulting
equation

N 0 K 9%C & acC 0 (an
—= S K— +Ugp—=
ax Ix? BE 9x

with the boundary conditions

x=0 C=C, and x=L C=(,, 12)

where C, and C,; are the concentrations at the ends of the
fibers connecting the reservoirs, and L is the length of the
fibers. The resulting concentration profile is given by

C=

'of} +C,

1 ( vaF )
K

l—exp(—

( xl——/BF ) ( LUBF )
exp| — X - exp

K
LUgr )

(13)

The rate by which the concentration gradient decreases de-
pends on the magnitude of the modified Peclet number x =
LUpg,/K. Substituting Eq. 13 into Eq. 11 gives us the final
expression for the flux along the fibers:

LU,
_ CO—CLexp( BF)
N=Ugp T 14
exp( KBF)—l

The selectivity is defined as the ratio of the time-averaged
steady fluxes of the solute species to be separated. For the
case where the receiving reservoir concentration is small rela-
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Figure 4. Selectivity as a function of the nondimension-
alized throughput of the more strongly ab-
sorbing species, where each curve was pa-
rameterized by the nondimensional magni-
tude of the back flow y =Ug.L/K,.

The effect of the back flow is an increased selectivity at the
expense of the throughput.

tive to the source reservoir (C; < C,), the selectivity for two
solute species 4 and B is simply the ratio:

LUgr .
€Xp -
NB e LvBF _1 ’
Xp X,

Figure 4 represents the selectivity as a function of the
throughput of 1-butanol, where the curves have been param-
eterized by x = LUg,/K. The parameters €, A, and ¢, on
which the enhanced diffusivity depends, have the same values
as that for our experimental system. It is clear that the selec-
tivity is dramatically improved with back flow, but it does oc-
cur at the expense of throughput. By adjusting both the fre-
quency of oscillation and the degree of back flow, it is possi-
ble to obtain an optimum transport enhancement for a de-
sired selectivity or selectivity for a desired throughput for
fixed values of €, A, and ¢.

Experimental

In order to verify the theoretical predictions for the en-
hancement due to the interactions of wall absorption and fluid
oscillations, we chose the model system of the separation of
1-butanol and ¢-butanol from an aqueous solution. The sepa-
ration was performed using a hollow fiber module (Sep-
arations Products Div., Hoechst-Celanese, Charlotte, NC),
where the fiber walls were impregnated with n-octanol. The
hollow fibers were of nominal 234-um ID, 32.5-um wall
thickness, 20 cm long, and 30% wall porosity. The fiber di-
mensions were measured using video microscopy and con-
firmed by pressure/flow rate measurements. The fiber mod-

AIChE Journal



back flow

oscillatory
syringe pump

Celanese hollow
fiber module

Cg sample
port

source

receiver

Figure 5. Experimental apparatus.

ule contained 1,730 fibers and was capped at the ends, result-
ing in dead volume end regions of 15 mL each. The experi-
mental apparatus is presented in Figure 5. The hollow fiber
module was in communication with a source and a receiving
reservoir. During each experiment the source reservoir ini-
tially contained an equimolar aqueous solution of 1-butanol
and t-butanol, 0.1 M, whereas the receiving reservoir con-
tained distilled water. The volumes of the reservoirs were 1
liter and 1.5 liter for the receiving and source reservoirs, re-
spectively. An oscillatory syringe pump caused the aqueous
fluid to oscillate along the length of the fibers. The fluid os-
cillations were coupled with a steady back flow from the re-
ceiving reservoir to the source reservoir to enhance the selec-
tivity of the separation. As the experiment progressed, sam-
ples were taken from the receiving and source reservoirs and
analyzed with a gas chromatograph.

The Celanese fiber module and the chosen separation fix
the parameters e, ¢, and A. The partition coefficients of 1-
butanol and #-butanol were determined by contacting equal
volumes of n-octanol and an equimolar aqueous solution of
1-butanol and ¢-butanol and measuring the concentration of
the aqueous solution after equilibration. Taking into account
the porosity of the hollow fiber walls, the following partition
coefficients for our model system were found, ¢; = 0.54 and
¢, = 1.7 (the subscripts of ¢ refer to 1-butanol and ¢-butanol,
respectively). The diffusion coefficients for both species in
both phases were estimated by the method of Wilke—Chang
as well as the Tyne and Calus method (Reid, 1987). Both
methods give molecular diffusivities for 1-butanol in n-oc-
tanol and water that are equal to the molecular diffusivities
of t-butanol in those phases. On the basis of those estima-
tions, we found that the ratio of the molecular diffusivities in
the two phases, A, was 6.1 for both species. The ratio of the
outer to inner radius of the hollow fibers was 1.28. However,
while €, ¢, and A are fixed by the model system, we could
still verify the dependence of the enhancement on the tidal
displacement, the frequency, and the magnitude of the back
flow.

The analysis of the experimental data to calculate the ex-
perimental enhanced axial diffusivity is complicated by the
dead volumes in the end caps of the hollow fiber cartridge.
These dead volumes give rise to an additional mass transport
resistance. The volumes of the tubes connecting the fiber car-
tridge to the source and receiving reservoirs are smaller than
the stroke volumes so that the connecting tubing is not a bar-
rier to mass transfer. The flux can be modeled as the flux
between the well-mixed reservoirs and the end caps of the
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fiber cartridge and the flux across the fiber cartridge. The
flux across the hollow fiber cartridge is given by (cf. Eq. 14)

LU,
C,~C exp i

( LUp;
exp
K

exp

exp

flux = N Area =Ugy Arca

(16)

-1

The flux from the source reservoir to the dead volume on the
source side of the cartridge is simply that due to fluid motion
in the connecting tube. For small back flow and a tidal vol-
ume much less than the dead volume, this is given by

AVo Uy Area
flox = (Cy = C) 5 = = 2=

_— 2

(Cs+C).  an

Similarly, the flux between the receiving reservoir and its cor-
responding dead volume is given by

AVw EBF Area

ﬂux=(CL_CR)—2;- 2 (CL+CR)' (18)

At steady state all of these fluxes are equal. We thus can use
Eqgs. 16-18 to eliminate the unknown concentrations C, and
C;. Let us define

AVw
a ﬁﬂp Al'ea ko

LUgp
z and 7n=exp =exp( x).
K exp

In terms of these variables, the flux is given by

Cs(z~1Y(n~D—Cr2n(z +1)*(n—1)

flux =T, Area
- [n+1+z(n-DF-4q

(19

where Cg and Cyp are the measured source and receiving
reservoir concentrations, respectively.

The equations just derived are strictly valid only at steady
state. In our experiments, however, we are examining the
transient response of the source and receiving reservoir con-
centrations. We shall use the steady-state flux expressions,
however, by invoking a pseudo-steady-state approximation.
This will be valid because the reservoir volumes are more
than 20 times the combined volumes of the fiber cartridge
and dead volumes. Thus the time for the fibers to approach
steady state is much shorter than the characteristic time scale
for changes in the reservoir concentrations.

Due to the small-amplitude back flow and the duration of
the experiment, the concentration in the source reservoir
changes significantly, and this must be accounted for in the
analysis as well. The volume of the source reservoir is given
as the sum of the initial volume and that due to the back
flow, Vg =V, +Usr Area t. We can then define the rate of
change in the concentration of the source reservoir as

d(VsCo)

= —flux. 20
y ux (20)
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Carrying out the derivative on the lefthand side results in the
following expression for the rate of change in the source
reservoir concentration

dCs  fux  Cs_
s 35U, Area. 21)
dr v, v, Brores (

Equivalently, we have for the receiving reservoir concentra-
tion,

——=— (22)

since Vg is constant. Let us define a nondimensional time
t* =Ugp Area t/V,. Substitution of Eq. 19 into Eqgs. 21 and
22 gives

dCq 1

At 1+
Cy(z+1)(n =1 = Cen(z +1)*(n—1) .
[n+1+2(n =D —4n

cb. @3

dCy ¥, Colz+ 1 (=1 = Crn(z + D=1 29
dr* Vy [n+1+z(n-DF—4n '

In order to determine the experimental value for the axial
diffusivity K.,,,, a nonlinear regression was performed. The
experimentally measured concentration of the receiving
reservoir as a function of time was fitted to the solution, Cp,
of the coupled ordinary differential equations. Figure 6 is a
typical representation of the fit for one of the experiments.

The analysis of the data for experiments without back flow
is simplified since the volume of the source reservoir V re-
mains constant. In this case the equations for the rate of
change of concentration are given as

@ t-butnol measured

00041~ 5 _phutanol measured
---------- 1-butanol egn's 23-24 o
—— t -butanol eqn's 23-24

0.003 |-

Cr M
0.002

0.001

1
0.0 01 0.2 0.3
t#
Figure 6. Fit of measured concentrations of 1- and
t-butanol to the solution of Eqs. 23 and 24.

The stroke volume for this experiment was 9 mL, the back
flow 3.69 mL/min, and the frequency of oscillation 0.3 rad/s.

946 April 1996 Vol. 42, No. 4

-
@ t-butanol measured o
0005} © 1-butanol measured o
—— t-butanol eq'n 28 o
------ 1-butanol eq'n 28 -
0.004 . P
Cp (M) 0.003 )
0.002 [ -
.
g
0.001 |- ’
0.000 jf” i L I I ] ! L
0 20 40 60 80 100 120 140 160

time (min)

Figure 7. Fit of measured concentrations of 1- and
t-butanol to the solution of Eq. 27.

The stroke volume for this experiment was 3.9 mL and the
frequency of oscillation 0.3 rad/s.

dCyg (Cs—Cr) K, Area wAV 25)
& Vi LoAV+4nK,, Area

dCx  (C3—Cg) K,y Area oAV 26
dt Vi LoAV+4nK,, Area’

With the initial conditions Cg (¢ =0)=Cg, and Cg (t =0) =
Cr,» We can solve for Cp

Coe CS,,—CRGV ool — K, Area oAV Vg + V3
RE T A, 9P\ T Leav+ank,, Area Vg
Cs,Vs + CroY,
So” S Ro"R (27)
Ve + Vg

Again the experimental data are fitted to this curve with a
nonlinear regression in order to determine K, as shown in
Figure 7.

exp’

Results

As mentioned before, the tidal displacement, the magni-
tude of the back flow, and the frequency of oscillation were
the only parameters that could be varied in order to verify
the enhancement of transport rate predicted by the analytical
solution. The magnitude of the stroke volume ranged from
1.62 to 9 mL, which was equivalent to a nondimensional tidal
amplitude Ax/L ranging from 0.054 to 0.30. The back flow
varied from 0.013 to 0.062 mL/s, so that x., ranged from
1.06 to 5.11. The oscillation frequencies ranged between 0.3
and 0.7 rad/s.

We know from our analytical solution that the enhance-
ment should be proportional to the square of the tidal dis-
placement Ax. Therefore, the functional dependence of K.,
vs. Ax should give a straight line with slope 2 in a log-log
graph. As may be seen in Figure 8, the slopes of both curves
are 1.864+0.28 and 1.92+0.26 (20 error) for 1-butanol and
t-butanol, respectively, which are well within two standard
deviations of the theoretical prediction. The magnitude of the
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Figure 8. Nondimensionalized experimental enhanced
axial diffusivity K as a function of the nondi-
mensional tidal displacement.

enhancement is on average 1.4 times larger for 1-butanol than
t-butanol, indicating that a separation is achieved. Note that
we have achieved enhanced axial diffusivities as great as 1.06
x 10° times that of molecular diffusion through water.

The theory developed earlier is strictly valid for transport
in a cylindrical tube when the tidal displacement, Ax, is much
smaller than the length of the tube, L. For slow diffusion in
the mobile phase with respect to oscillation frequency, for
example, direct convective mixing at the centerline between
reservoirs occurs when Ax/L exceeds 0.25, and thus we would
expect our analysis will begin to break down beyond this point.
The largest value for Ax/L used in our experiments without
back flow was approximately 0.28. Even for such a large value
of Ax/L the observed transport enhancement and selectivity
were close to the theoretically predicted values, suggesting
that end effects were relatively unimportant. A similar obser-
vation was made by Chandhok and Leighton (1991), who
found that end effects were negligible for oscillatory mass
transport in a finite-length slug (a somewhat different geome-
try from that considered here), provided that the bore aspect
ratio (a/L) was small.

In Figures 9 and 10 we compare the experimentally ob-
served mass-transfer enhancement to that predicted by our
model—which contains no adjustable parameters—for runs
with and without back flow, respectively. For the runs with-
out back flow, the enhancement is given as a function of the
stroke volume at angular frequencies ranging between 0.3 and
0.7 rad/s. For experiments with back flow, we kept the stroke
volume constant and varied the amplitude of the back flow as
well as the angular frequency. As may be seen, our experi-
mental enhancement is within a factor of 2 of the predicted
value, and the experimental selectivity, while smaller than the
theoretical value, is within 14% of the predicted selectivity.
From both figures it may be seen that the agreement be-
tween the theoretical and experimental enhancement is not
significantly affected by the amplitude of the oscillation, the
magnitude of the back flow, or the oscillation frequency.

To better understand the effect of back flow on the selec-
tivity and the throughput, it is useful to examine a typical set
of experiments. At an angular frequency of 0.3 rad/s, for ex-
ample, without back flow the theoretically predicted selectiv-
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Figure 9. Experimental vs. theoretical predicted en-
hanced axial diffusivity K as a function of the
nondimensional magnitude of the back flow y
for different oscillation frequencies.

The solid and dashed lines are the ratio of the experimental
and theoretical enhanced axial diffusivity X averaged over
all frequencies for t-butanol and 1-butanol, respectively.

ity is 1.6, while that experimentally observed (averaged over
all tidal displacements used at that frequency) was 1.4. At the
same angular frequency, but with a back flow of 1.8 mL /min
and a stroke volume of 3.9 mL ( x,, = 3.94), we observed a
5.6:1 selectivity for 1-butanol (the preferentially absorbed
species) and an enhancement in diffusion by a factor of about
22,000-fold. This enhancement was approximately 49% of that
predicted theoretically by Eq. 9. The back flow thus in-
creased the selectivity over that observed with no back flow
by a factor of In (5.6)/In (1.4)=5.1. At the same time the
back flow decreased the throughput by a factor of 0.078. The
overall throughput of 1-butanol is thus equivalent to that dif-
fusing through a stagnant film of water of the same area ap-
proximately 118 pm thick.
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Figure 10. Experimental vs. theoretical predicted en-
hanced axial diffusivity K as a function of the
nondimensional tidal amplitude for different
oscillation frequencies and no back flow.

The solid and dashed lines are the ratio of the experimen-
tal and theoretical enhanced axial diffusivity K averaged
over all frequencies for #-butanol and 1-butanol, respec-
tively.
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It is unclear what the source of the discrepancy between
the measured and predicted enhancements may be attributed
to. Possible sources of error include errors in the porosity of
the hollow fibers, the assumed tortuosity of 1 (used in the
estimation of D,), and the measured stroke volume. The
porosity for the fibers was assumed to be 30%—an estimate
provided by the manufacturer—as we could not reliably mea-
sure this quantity. A smaller porosity (larger ¢) and /or tortu-
osity greater than one would result in a smaller enhancement
than predicted by the assumed values. As may be seen from
Figure 3, the effect on the magnitude of the enhancement is
larger than the effect on the selectivity which, if this were the
source of discrepancy, is qualitatively consistent with our ex-
perimental observations. This is similarly true of errors in the
stroke volume measurements. A 20% overestimation in the
amplitude of the stroke volume alone would be sufficient to
account for the discrepancy, given the dependence of the en-
hancement on the square of the tidal displacement. Addi-
tionally, errors in the fiber radius and number of fibers also
would greatly affect the theoretical predictions.

Discussion

The hollow fiber module employed in the experiment de-
scribed in the previous sections is only a model system and is
not necessarily practical for large-scale separations. What are
of particular interest, however, are the scaling laws that gov-
ern the throughput and membrane size for the coupling of
fluid oscillations with wall absorption. From the transport
equations we can show that the device can be scaled down in
fiber length and size without affecting the mass transport.
The solute flux across an individual fiber bore is given by

aC
N=—-K—, (28)
ax

where K scales as D(Ax/L)*(L/a)*f( B,¢,A, ). Therefore,
the throughput of the solute per unit area of membrane, Q/A,
for a linear concentration profile is

Q [Ax 2L 6
Z—D(T) f(B,f,)\,(b)AC;z'z‘, (29)

where 6 denotes the fraction of the membrane surface occu-
pied by the fiber bore. Note that for a fixed nondimensional
amplitude of oscillation (Ax/L) this flux can be increased by
either decreasing ¢ or increasing L. Unfortunately, the maxi-
mum allowable pressure drop across the fibers imposes limits
on the bore radius and the fiber length. This pressure drop is
given as AP ={(8Axw)/a*]Lu, where u is the viscosity of
the oscillating fluid. Therefore, from the definition w =
B2(D/a?), the square of the minimum pore radius scales as

Ax 8Du\V?
(L AP)

The resulting expression for the throughput is simply

Ax\Y*{ DAP\Y2 F( B,¢,A,
O [S)(Bar) LD 0y

L 8u B
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Figure 11. Pore of a solid support using the support for
a conventional static liquid membrane or os-
cillatory chromatography.

In the case of oscillatory chromatography only the walls
are coated with the same membrane fluid that fills the pore
completely for the conventional static liquid membrane. In
contrast to the static membrane, the throughput and selec-
tivity can be varied for oscillatory chromatography.

showing clearly that for a constant maximum pressure drop
and oscillation frequency 8 the performance of the separa-
tion device is independent of the total length and inner ra-
dius of the fibers. We may thus decrease the total bore vol-
ume per unit area §L without changing the throughput. This
scaling down is useful in reducing the required amount of
solvent for the stationary phase.

On the basis of these scaling arguments, we have com-
pared the theoretical performance of oscillatory chromatog-
raphy to that of an ordinary liquid membrane, each with the
same support structure. Figure 11 shows the “pore” configu-
ration for both cases. In the case of the conventional mem-
brane, the pores are completely filled and the flux is limited
by the diffusion rate. As mentioned earlier, the selectivity is
determined by the relative affinity of the solute for the mem-
brane fluid. For oscillatory chromatography, however, the
walls of the pores are coated with a thin stationary phase and
the transport rate is governed by the fluid oscillations and
the selective reversible absorption in the stationary phase. For
comparison a constant pressure drop of atmosphere and a
constant Ax/L of 0.25 were picked. We selected a support
200 pm thick, a reasonable value for the thickness of a con-
ventional supported liquid membrane. The separation we
chose for the comparison was the same as for our experi-
ments.

In order to compare the performance of both techniques,
the ratio of the throughput of oscillatory chromatography and
the conventional membrane approach is presented in Figure
12 as a function of the ratio of the selectivity of the oscilla-
tory chromatography and the conventional membrane. As-
suming that the concentration of both species in the source
reservoir is unity and that the concentration in the receiving
reservoir is much smaller than one, the selectivity for the
conventional membrane is given as (N,/N,).,, = ¢, /é,. The
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throughput of 1-butanol for the conventional membrane is
given as Q... = D, mR?A L¢,), where D is the molecular dif-
fusivity of the solute in the octanol. Similarly, the selectivity
for oscillatory chromatography is given as

M osc

where K, and K, are the enhanced axial diffusion coeffi-
cients for 1-butanol and #-butanol. The throughput for 1-
butanol for oscillatory chromatography is

UgeL
K,
UgrL ’
exp X -1

1

exp

3D

“[731777(12
UgrL '
exp z -1
1

Qose = 32)

In Figure 12 the relative selectivity is plotted vs. the relative
throughput as a function of the oscillation frequency, for fixed
values of y = LUgz/K ranging from y =1 to 8. In order to
keep the maximum pressure drop across the pore constant at
1 atmosphere for fixed nondimensional tidal amplitude and
pore length, the radius, a, of the mobile phase of the oscilla-
tory technique was varied as a function of w. For this particu-
lar comparison we chose € = 1.05 as the relative thickness of
the coating, which means that the volume of the coating on
the wall for oscillatory chromatography is only 10% of the
volume of membrane fluid in the conventional membrane
pore. It may be seen that when both methods have the same

P T T
I AP =1 atm 1
. €=1.25
I REEE— 3 =
= . ¢,=016
wE* X 0=05 E
o L =200 um 1
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Figure 12. Performance of oscillatory chromatography
and a static liquid membrane; the ratio of the
selectivity of the two methods as a function
of the ratio of throughputs of the two tech-
niques, where each curve was parameter-
ized by the nondimensional magnitude of the
back flow y.

The dashed line along the edges of the curves represents
the optimum operating conditions for oscillatory chro-
matography.
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selectivity, the oscillatory chromatography has a throughput
that is two orders of magnitude better than the throughput of
the ordinary membrane. Also, when both methods have the
same throughput, the selectivity of the oscillatory chromatog-
raphy is two orders of magnitude better than the selectivity
of the ordinary membrane. In conclusion, there is an enve-
lope, defined by the dashed line along the edge of the curves
and the dashed lines at which the techniques have the same
selectivity and the same throughput, that describes a wide
range of operating conditions for oscillatory chromatography
such that it will perform better than the conventional liquid
membrane. The dashed line along the edge of the curves de-
fines the optimum operating conditions for the indicated set
of fixed parameters. The area to the right of this line, for
these parameters, is not accessible. Note, however, the per-
formance of the proposed technique can easily be improved
by allowing a larger pressure drop across the membrane and
thus smaller radii and higher oscillation frequencies.

It should be pointed out that the proposed technique has
significant limitations. This technique is mainly useful if the
relative affinity difference of the species to be separated is
not too large and /or if a conventional liquid membrane needs
to be relatively thick in order to be stable. A large relative
affinity difference and/or a thinner membrane will reduce
the envelope of operating conditions where oscillatory chro-
matography may perform better than an ordinary static liquid
membrane. However, we believe there exists a window of
separations where this technique is applicable and beneficial.
The proposed technique allows the use of less chemically se-
lective, thicker (more stable) membrane systems to achieve
the same throughput/selectivity as a more difficult chemical
separation.

Conclusions

In this article, we have described a new technique for the
separation of solutes with similar molecular diffusivities by
coupling fluid oscillations with a reversible selective absorp-
tion in the stationary phase. We have presented a
model—which contains no adjustable parameters—that pre-
dicts the enhancement in transport. The predictions have
been qualitatively confirmed by experiments in which 1-
butanol and t-butanol were separated from an aqueous solu-
tion by imposing fluid oscillations across a hollow fiber mod-
ule where the fibers were impregnatéd with n-octanol. We
achieved enhancements in transport as high as 10°. Employ-
ing a low-amplitude back flow results in an increase of selec-
tivity at the expense of throughput, as is clearly shown by
Figure 4.

Note that the Celanese fiber cartridge, while convenient to
use for experimentally verifying the theoretical prediction, is
not a practical separation device for our proposed technique.
Naturally, the performance of the cartridge used as an oscil-
latory chromatograph cannot be compared to the flux and
selectivity across the fiber wall. It is also not very useful to
compare it to a conventional membrane. Instead, as may be
gleaned from the scaling discussion, a more practical device
can be designed such that it will perform better than a con-
ventional membrane.

It is important to note that we have assumed diffusion-
limited processes. This is a valid assumption for our experi-
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mental system. Qur work could be extended to include a non-
linear reaction term as well as competition effects for lean
carrier systems. In these cases, however, no analytical solu-
tions are possible and numerical analysis is required.

In conclusion, the technique described here shows great
promise for diffusional separation processes. It is mainly ben-
eficial for separations where the relative difference in affinity
for the stationary phase is not too large or where a mem-
brane must be relatively thick in order to be stable. Oscilla-
tory chromatography offers a trade-off in the complexity of
chemistry or operating conditions. The experimental separa-
tion of 1-butanol and t-butanol suggests that the method may
be applicable for the separation of enantiomers. Like 1-
butanol and #-butanol, enantiomers have the same molecular
diffusivities, but they have different affinities for chiral ac-
ceptor molecules that can be incorporated in the stationary
phase of the oscillatory chromatograph. Application to actual
enantiomeric systems is the current focus of our research and
will be reported in future work.

Notation

A =superficial area over which flux occurs (Egs. 29, 30)

C =solute concentration in the mobile phase

r =radial coordinate (Figure 1)

t =time

V, =volume of reservoir i (source, receiving) (Eqs. 20-22, 25-27)

B =nondimensional frequency for a cylinder @(w/D)">

x =measure of the magnitude of the amplitude of the back flow
A P =pressure drop along the length of the fibers
AV =oscillatory stroke volume (Eqs. 17, 18, 25-27)
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Appendix: Enhanced Axial Diffusion
Coefficient, K

The solution for the enhanced axial diffusion coefficient in
the liquid was obtained by applying the method of moments
to the basic transport Eqs. 1-3 with their appropriate bound-
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ary conditions (Egs. 4 and 5). The moments of C are defined
as follows for the liquid phase

Cp=f_wC(r,x,t)x"dx (A1)
for the stationary phase
le=/_mCS(r,x,t)dex (A2)
and the combined moment
m,=2["Cyrar +2[ S rar. (A3)

It is assumed that the cylinders are infinitely long and that
initially (¢ = 0) the solute is confined to a finite length of the
tube and distributed uniformly across the plane in each phase
and that the two phases are at equilibrium. If we choose Cj
to be unity, then at ¢t = 0 we have the following initial condi-
tions

Co=¢, Ci=1, and mg=da’+(R*-a?) (A4)
and

- S - —
CP—O, CP—O, and m,=0 for p>0whent=0.
(AS5)

We chose the following nondimensionalization

¥ R

* = where — =k,

t* = wt r¥ =—
a

Multiplying Eqgs. 1-5 with x? and integrating with respect
to x from —o to + o, we have

oc, 22U,
e —pj(l—r Jeos t*C_y
D% (2] (ap)
T a%r* or* or*
9C, Ds 9 [ IC] A
at*  awr* ar* ar* (A7)
B.C’s
¢CS 11 =Cplny (A8)
aCs ac
Zp - P
S ork =1 or¥ | = (A9)
aC acs
P P
=0= A
or* =0 ar* rf=¢ ( 10)
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Multiplying Eqs. A6—A7 by 2r and integrating Eq. A6 with
respect to r from O to 4 and Eq. A7 from a to R, we find

J 2U 2
a2}F/;l2Cpr*dr* - azpj cos t*j:Z(l —r*3)C,_ r*dr*

D 4C,
=2— (A11)
w rT =1
Dg 9C3
@' f 205+ dr* = —275 — (A12)

Adding Eqgs. A1l and Al2 and using condition 14, we get

&mp
at*

iy cosr - e, drt. (A13)
—ap—w—costj; —r*)C,_ r*dr*.

Because we are dealing with oscillatory flow, the distribution
tends to normality and the first two moments are sufficient to
describe the distribution. In order to solve for m,, we only
need to solve Eqs. A6-Al10 for p=0, 1. It is clear that for
p =0, Eq. Al3 gives

om,

ar*

>

which simply states that m, is constant, m, =a’[¢ +(R* —
a*)/a?]. This is just a statement of the conservation of solute.
The initial conditions ( p = 0) also satisfy Eqgs. A6-A10. We
can now solve Eq. Al3 for p = 1. Inserting the initial condi-
tion A4 and condition A5 gives

amy , 2U 1 5
preal —w-cost*j; 20—-r**)r* dr*
$a*2U
Somy = ———sin t*. (A14)
All that is needed now is to solve Eq. Al13 for p=2,
om 2U
2 =20 —cos* [[2(1- r*)Cy rdr*,  (ALS)
ar* w 0

but first we have to solve Eqs. A6—A10 for p =1 to find the
solution for C,.

Setting p=1 and inserting the initial values for C (Egs.
A4-A3) into Eqgs. A6 and A7 we obtain the following set of
equations:

aC, 2(7(1 “yoospr - 29 ( Y e
at* - w roeost C dlwr* ar* g ar*
o¢{ Dy 9 ( IC} (A1
at*  qlwr* ar* 4 ar*
B.C’s
¢Cig|r ~1=C1|r"‘=l (A18)
AIChE Journal
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D gt ¢ (A19)
S or* ,*:1— ar¥ |-

aC, acs (A20)

ar* ,*=o— B ar* |- ¢

Let us define the following nondimensional parameters

We can also write cos ¢* in terms of complex variables, cos
t* = Re{e'""}, where i=v—1, keeping in mind that only the
real part of the resulting solution has physical significance.
Accordingly, we then define C in terms of complex variables,
C? = Relf,(r*)e'"}, where n indicates the phase under con-
sideration. Finally, we can expand the righthand term in Egs.

Al6 and A17 as
1 4 acy 1
e P* =——|,*
r* ar* ar* r*?

Using the preceding, we can rewrite Egs. A16 and A17 as

acy
ar*

a*cr

ar+?

Bp2U

r*2fu+ r:kfl (1—}‘*2)]'*2 (A21)

—ir*?fpl=—

r¥AfL 4 R fe— irt P fABE =0, (A22)
where the single and double prime refer to the first and sec-
ond derivative with respect to r, respectively. The solution
for f contains a particular and a homogeneous part, f = f, +

f»- The following particular solution satisfies Eq. A21

$2U

fp"'“'—[B—"’l(r*z—l)] (A23)

The homogeneous equations, Eqgs. A21 and A22 have the form
of Bessel equations and the solutions are given in terms of
Bessel functions

(A24)

fu = A J,(i¥Br*) + B K, (iVBr*)

fo= A DoV Bre) + B, K (VX Br#)  (A25)

where A; and B; are constants to be determined. Given the
expressions for f, we can determine the form of f

f'= A,lber,( Br¥}+bei,( Br*)—iber,( Br*)+ ibei,( ﬁr*)]ﬁ

+ B,[ker,( Br*) +kei ( Br*)—iker,( Br*)

+ i kei( Br*)] ﬁ +2i

V2

2U
¢ r*  (A26)
w
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f', = A,[ber,(YX Br*)+bei, (YA Br*) —iber (VX Br*)

)
‘/‘/_2_B + By[ker (VX Br*) +kei, (YA Br*)

+ibei (YA Br*)]

A
—iker,(YA Br¥*) +i keil(ﬁﬁr*)]%. (A27)

The boundary conditions (Eqs. A18-A20) provide us with four
equations to solve for the four unknowns

f©®=0 ..B =0 (A28)
Kl(ll/lﬁeﬂ)
; =0 . A,=iB,———— A29
fs(f) 2=t 2.’1(1'3/1\/XEB) ( )
442U
of ()= f(1) .. A1, (iVB) + fﬁz =¢[AzJo(i3/Z\/;\—,3)

+ B, K (i B)] (A30)

22 VA 2U

£ =Af(1) . x/XAIJI(i3ﬂB)(1—i)+iLj;—_
= AL GYWABA—D = iB, K(YWAB)1— D). (A3D)

From the preceding, we get the expression for A,

~ 62U  SVABV2(1+i)G +4H
1T wB? I (iYB)H — VA $1,(iVB)G

(A32)

where

H=J,(iYVXeB)K (i B) = T(VVA BIK iV eB)
G = 1,V eB)IK (i 2VA B + iV BIK(iV*VA eB).

eit*}

Now that we have solved for C; we can go back to Eq. A15
and solve for the second moment. Note that only the real
part of ¢" = cos t* + i sin ¢* will contribute to the time-
averaged variance since {cos #* sin *) = 0, whereas {cos
t* cos t*) = 0.5. Thus, we can write

Finally, we can write the expression for C; as

2U
C,= Re{ A (i8r*) + il
w

4
F +i(r*2 —1)]

m, 2U
t?m— 20—
0 w 1 .
P e j; (1—r*2)r*Re{A1JO(13ﬂBr*)

$2U[ 4 X
+—[—2+i(r* —1)] dr*, (A33)
o [B
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where

2070 4 2U
fl(l—r"‘z)r”‘Re{qs [——5+i(r*2—1)}}dr* = ¢
0 B w

BZ
1 . X 4 . .
fo (1= r*)r* I ((Y3r* )dr* = ‘/53311(;3/23)(1—1)
2%
nd F-Io(l /ZB).
Let
4 2i
Fe e s 81 ) - B—ZJO(P/ZB)
~ A BYV2Z(1+0)G +4H
C TGYB)H — iVA $7,(iVB8)G’
then

2

m, 2U
d— 20| —
m, ©

- - ] %[1-&{%}]. (A34)

R?— 42
¢+ 3

a

Note that the preceding is the variance for both phases; mul-
tiplying Eq. A34 by

! 1
—[1+
2

RZ — a2
pa’

gives the enhanced axial diffusion coefficient for the mobile
phase

PRECY PR 1,GYB)(1 - i)
_? — Re [ﬁﬁ3113 —i

)
- E%Jo(i”‘ﬁ)]}), (A35)

where Ax=U/w. The flux of solute species between two
reservoirs at concentrations differing by AC, connected by
hollow fibers length L whose walls have been impregnated
with a solvent that selectively absorbs a solute, is thus given
as

N=KAC/L. (A36)
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